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INTRODUCTION TO DIFFERENTIATION. 



BY JOHN MACNIB, A. M., EASTON, CONN. 

In the identity 

''j=l^ = f»-i+r^2+ ...+r+l, (1) 

r — 1 

1 
since r may have any value, let /• = -y ; then by substituting this value for 

n— 1 

r in (1), multiplying both members by 6 ■» , and simplifying, we obtain : 

n _i» 

fjm Im n— 1 n— jj 1^ X n-2 n— 1 

^ J = o >" +a "" 6*"+ . . . -\-arb " -f-6 " ' (2) 

gm Jm 

A result from which, since m may have any value (db 1 included), can be 
deduced all the theorems regarding the divisibility of a;" ±: y". 

Dividing both members of (2) by the factor that renders a™ — 6"» ration- 
al, we obtain 

i 1L n— 1 n— 2 1_ 1^ n— 3 n— 1 

o« — ft" _ o "• +a *" 6" 4- . . • +a"'6 " -f 6 " 

m— 1 m— 2 1_ 1 m— 2 m— 1 > ^"} 

a_6 o "• +a "* 6'"+ . . . +arb *" +6 •» 

1 \ m— 1 ro— 1 

since, by (2), a—b = {a"—b'^){a •» + . . . +6 ■» ). 

In (3), if we suppose b = a, then, since in the numerator of the second 

w-l 

member we shall have n terms each = a "• , and, in the denominator, m 

m — 1 

terms each = a « we obtain 



g"— 6'- "] _ 0_ 



n-l 






m 

ma "• 



the first member assuming the indeterminate form from the presence, in the 

1 1 
numerator and denominator, of the factor a^ — ft™ which bfecomes zero by 

the supposition. Hence, since m may have any value, the formula 

r^JZrl = nx'-^ (6) 

holds true for every value of n. 
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Let u = x", and u' = (x+h)", then the ratio of the increase of a;" to that 
of X is expressed, for all values of h, by 

u' — u (x+h)" — x" fff. 

~1 {0?+;^) —x' ^ ' 

If now we suppose x = x-\-h, i. e., ^ = 0, then by (5), we obtain 

I = nx-\ (7) 

the first member assuming the indeterminate form, as in (4), from the pres- 
ence of a factor that has become zero in both its terms. Supposing this 
common factor to be removed by division, and denoting the result by 

-= — , we have the result ^ — = na;""^ 
dx ax 

(where n may have any value), which may be thus defined: If in the func- 
tion x", X be supposed to increase continuously, then,, when, x reaches any 
assigned value x' the rate at which x" is increasing, as compared with thai of 
X, is nx'"~i, that is, if we denote an infinitesimal clmnge in x by dx, the cor- 
remanding change in x" is nx"~idx. This last expression is called &o. 

The difficulty which here besets us arises from our inability to conceive 
an absolute infinitesimal in time or space, and is really identical with that 
we meet in questions regarding motions. Thus, for example, the velocity 
attained by a body falling under certain conditions, is expressed by t; = gt. 
Now before the end of the f" unit of time v < gt, and after the end of the 
i"" unit of time v > gt, nor are we able to conceive any portion of time, 
however minute, during which the body moves with the velocity gt. Yet, 
as the velocity increases continuously from less than to greater than gt, we 
are forced to the conclusion that for some infinitesimal portion of lime 
V = gt. By performing the division indicated in the second member of (6) 
we obtain : 

VLZ:^ = (a!+A)"-i +(x+hy-^x+ . . . +(a;+A)a!"-2+a!»-i ; (8) 
h 

from which we see that [(w — u') -5- A] > nx"~'^, if h, however conceivably 

small, be positive, and [(w — «') -h A] <na;"~i, if h be negative. Hence, 

if we conceive a;" to vary continuously we are forced to conclude that, when 

X reaches any assigned value x', then, corresponding to any infinitesimal 

change in x' there is a simultaneous change in a;" that is nx"^^ times as 

great, which is expressed by the formula 

dx" 



dx 



= nx 
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